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recursively enumerable ( $r.e.$ ) degrees priority method
. Friedberg-Muchnik incomparable r.e. degrees finite injury
priority( $0$ -priority) , Sacks a Density Theorem Lachlan-Yates minimal pair
infinite injury priority(0’ -priority) . , Lachlan “monster paper”
, Harrington-Shelah r.e. degrees undecidability ,
$0”’$-priority .
$0^{M}$-priority argument tree ,
Friedberg-Muchnik . , high degree minimal pair
r.e. degree .
, $\omega=\{0,1,2, \cdots\}$ . $A$ $\chi_{A}$ ,
$A(x)$ $\chi_{A}(x)$ . $f(x$ $y<x$ $f$ , $Arx$ $\chi_{A}\square x$
$\langle\cdot, \cdot\rangle$ $\omega\cross\omega$ $\omega$ recursive pairing function .
. $A\subseteq\omega$ , $A^{[y]}=\{\langle x,$ $z$ ) : $\{x, z)\in A \ z =y\}$ , $A$ y-section
$\{e\}_{s}^{A}(x)\downarrow=y$ , $A$ oracle $e$ recursive partial functional $x$
, $s$ steps , $y$ . $\{e\}_{s}^{A}(x)\uparrow$
. $\{e\}_{s}^{A}(x)\downarrow=y$ , $u(A;e, x, s)$ 1
. , $x,$ $y,$ $u(A;e, x, s)\leq s$ . $A_{s}$ stage $s$ $A$
. $\Lambda^{<\omega}$ $\Lambda$ finite sequences .
\S 1. INCOMPARABLE DEGREES
1.1 (Friedberg-Muchnik) r.e. $A,$ $B_{-}$ .
$A\not\leq_{\tau B}$ $B\not\leq_{\tau A}$ ( $\emptyset<\tau A,$ $B<\tau\emptyset^{l}$)
$e$ , requirement , $A,B$ .
$R_{2e}$ : $A\neq\{e\}^{B}$ , $R_{2e+1}$ : $B\neq\{e\}^{A}$
$-$
$R_{2e}$ , $A$ $x\in\omega^{[2e]}$ , $\{e\}_{s}^{B}(x)\downarrow$
$=0$ stage $s+1$ . ( $\{e\}_{s}^{B_{s}}\downarrow=0$ , $\{e\}_{s}^{B_{S}}\uparrow$ $\{e\}_{s}^{B}\cdot\downarrow=1$
, $R_{2e}$ . ) stage $s+1$ , $R_{2e}$ stage $s+1$ attention
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. R2e attention , (1) x $A$ , (2) r(2e, s+l) $=s+1$
. , $y\leq r=u(B_{s};e, x, s)$ $B$
. ,
$\{e\}^{B}(x)=\{e\}^{B|r}(x)=\{e\}^{B_{*}\int f}(x)=0$
. $A(x)=1$ $R_{2e}$ . $R_{2e+1}$ $A$ $B$
.
requirement , $A$ , $B$ $x(e)$ ‘ ’
. $R_{e}$ $A$ $B$ stage $s$
$x(e, s+1)$ . , $x(e)$ $\lim_{s}x(e, s)$ . requirement
$x(e, s)\in\omega^{[e]}$ . $R_{e}$ stage $s+1$ attention
, $e$ $i$ $x(i, s)$ cancell , $y>r=r(e, s)$
$y=x(i, s+1)$ . $R_{i}$ $R_{e}$ priority ($i<e$ ) , $R_{i}$
$x(i, s+1)$ $A$ $B$ , $R_{e}$ injure . Rt $(i<e)$ attention
, $R_{e}$ attention , .
$R_{e}$ , stage $s$ , $x(e, s-1)$ $(s>0)$ ,
$x(e, s)=\mu y[y\in\omega^{[e]} \ y>s \ y\not\in A_{s}\cup B_{s} \ y>x(e, s-1)]$
, $r(e, s)=-1$ .
stage $s=0$ $A_{0}=B_{0}=\emptyset$ , $e$ $R_{e}$ .
stage $s+1$ $R_{2e}$ attention ,
$\{e\}_{s}^{B_{s}}(x(2e, s))\downarrow=0$ & $r(2e, s)=-1$
. $R_{2e+1}$ $A$ $B$ . , attention $R_{i}$ $i\leq s$
. , $R_{i}$ ta attention , act , (1)
$r(i, s+1)=s+1$ , (2) $x(i, s)$ , $i$ $A$ , $B$ , (3)
$k>i$ , $R_{k}$ , (4) $k<i$
. $i$ , stage .
$i$ requirement $R_{4}$. , injure , .
$i$ . $j<i$ . , $R_{j},$ $(j<i)$
, attention stage $s$ . ,
$r(i, s+1)=-1$ & $(\forall t\geq s)[x(i,t)=x(i, s)=x(i)]$
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. $i=2e$ ($i=2e+1$ ). $R_{2e}$ stage $t+1>s$
attention ,
$\{e\}_{t}^{B_{1}}(x(2e))=0$ , $x(2e)$. $\in A_{t+1}-A_{t}$ , $B_{t}rt=Brt$
$\{e\}^{B}(x(2e))=0\neq A(x(2e))=1$




\S 2. TREE INCOMPARABLE DEGREES
, tree . $\Lambda$ |J $<\Lambda$ , $\Lambda$ $T$
tree $\Lambda^{<\omega}$ . $\alpha,$ $\beta,$ $\gamma\cdots$ $T$ , $f,$ $g,$ $\cdots$ $\Lambda^{\omega}$ . $|\alpha|$ $\alpha$ ,
$\alpha\subseteq\beta$ $\beta$ $\alpha$ .
21 $\alpha,$ $\beta\in T$ .
(1) $\alpha$ $\beta$ $(\alpha<L\beta)$
$\Leftrightarrow(\exists a, b\in\Lambda)(\exists\gamma\in T)[\gamma^{\wedge}\{a\rangle\subseteq\alpha \ \gamma^{\wedge}\langle b\}\subseteq\beta \ a<\Lambda b]$
(2) $\alpha\leq\beta\Leftrightarrow\alpha<L\beta$ or $\alpha\subseteq\beta$
(3) $\alpha<\beta\Leftrightarrow\alpha\leq\beta$ & $\alpha\neq\beta$
1.1 (tree version) A $=\{0,1\}$ $T=2<\omega$ . $\alpha\in T$
$|\alpha|=i$ , $R_{i}$ $\alpha$ . , $A$
$B$ $x(\alpha)$ , $r(\alpha)$ $\alpha$ , stage $s$
$x(\alpha, s),$ $r(\alpha, s)$ . $|\alpha|=2e$ $\alpha$ attention ,
$\{e\}_{s}^{B_{s}}(x(\alpha, s))\downarrow=0$ & $r(\alpha, s)=-1$
( $|\alpha|=2e+1$ $A_{s}$ $B_{s}$ ). stage $s+1$
$\alpha$ attention , “ ” attention , act ,
$|\alpha|=2e$ $x(\alpha, s)$ $A$ , $|\alpha|=2e+1$ $B$ , $r(\alpha, s+1)=s+1$
, $\beta>\alpha$ . tree
, $R_{2e}$ $2^{e}$ act , $e$ $2^{e}$
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act . , requirement “ ” act
.
requirement $R_{e}$ , true path $f\in 2^{\omega}$ , $\alpha=fre$
“ ” .





[ $R_{\alpha}$ stage $s$ act ]
$f$ recursive $f\leq\tau\emptyset$’ , , recursive
sequence $\{\delta_{s} :s\in\omega\}$ $f(n)= \lim_{s}\delta_{s}(n)$ .





[ $R_{\alpha}l^{\grave{\grave{a}}}$ stage $t$ act . ]
$n$
$\delta_{s}rn\not\in\delta rn$
. $\delta_{s+1}rn$ $\delta_{s}\square n$ . $\lim_{s}\delta_{s}(n)$
$f(n)$ .
$\alpha\in T$ $\beta\subset\alpha$ , $\beta=\alpha rk$ act $\alpha(k)=0$
. $\alpha\subseteq\delta_{s}$ stage $s+1$ $\alpha$ “ ” $\alpha$ stage $s+1$
act .
stage $s$ $\alpha$ , $r(\alpha, s)=-1$ , $x(\alpha, s)$ $y\in\omega^{[\alpha]},$ $y\not\in A_{s}\cup B_{s},$ $y>$
$\max\{x(\alpha, t):t<s\}$ $y$ . , $T$ effective code
$\alpha$ code $n$ , $\omega^{[\alpha]}=\omega^{[n]}$ .
stage $s=0$ $A_{0}=B_{0}=\emptyset$ , $\alpha\in T$ .
stage $s+1$ attention $\gamma\subseteq\delta_{s}$ -minimal $\alpha$ . $\alpha$ act
, $r(\alpha, s+1)=s+1$ $x(\alpha, s)$ $|\alpha|$ $A$ , $B$ .
$\gamma>\alpha$ .
$i$ $\alpha=fri$ $R_{i}$ .




, $t\geq s$ $\alpha\subseteq\delta_{t}$ /J\ $s$ . , $r(\alpha, s)=-1$ , $\alpha$
stage $s+1$ . $x= \lim_{t}x(\alpha, t)=x(\alpha, s)$ .
$i=2e$ . ($i=2e+1$ . ) $\alpha$ stage $s+1$ act
, $\{e\}^{B}(x)\neq 0$ . $-\tau$, $\alpha$ stage $t>s$ act ,
$\{e\}_{t}^{B\uparrow t}(x)=0$ , $A_{t}(x)=1$
. $\beta>\alpha$ $x(\beta, t)>t$ , $y\leq t$ $A$ $B$
$\alpha$ injure $\beta>\alpha$ . , $\beta<\alpha$ $\alpha\subset f$ $\beta$ stage $t+1$
act .
$\{e\}^{B}(x)\neq A(x)$
, requirement $R_{i}$ .
\S 3. HIGH DEGREE MINIMAL PAIR
, $F$ : $\omegaarrow\{(x, e\rangle : x\in W_{e}\}$ $W_{e}$
.
$W_{e,s}=\{x : (\exists t\leq s)[F(t)=\langle x, e\rangle]\}$
$W_{e}$ ,at $S=W_{e,s}-W_{e,s-1}$ , $x\in W_{e,ats}$ $F(s)=\{x,$ $e\rangle$ .
, stage $s$ 1 $W_{e}$ .
3.1 $\{U_{e,s} : e, s\in\omega\}$ , $U_{e,s}\subseteq U_{e,s+1}$ , $U_{e}= \bigcup_{s}U_{e,s}$
. $g$ .
$(\forall e)[W_{g(e)}=U_{e} \ W_{g(e),s}\cap U_{e,ats}=\emptyset]$
$W_{g(e)}=\{x : (\exists s)[x\in U_{e,s}-W_{g(e),s}]\}$
$g$ .
$r.e$ . degrees .




(3.1)\ddagger $(\forall e)$ [$W_{e}$ : $\Rightarrow(\exists x)(\exists s)[x\in W_{e,ats}\cap A_{p(s)}]$ ]
r.e. degree a promptly simple degree , a promptly simple
, promptly simple degree P $S$ .
promptly simple degree r.e. promptly simple ,
.
3.3 r.e. $A$ $A$ $\{A_{s}\}_{s\in\omega}$ , $A$ promptly simple
degree , $p$ .
(3.2) $(\forall e)$ [ $W_{e}$ : $\Rightarrow(\exists x)(\exists s)[x\in W_{e,ats}$ & $A_{s}\square x\neq A_{p(s)}rx]$ ]
$(\Rightarrow)B=\{e\}^{A}$ promptly simple , (3.1) $q$ $B$
$\{B_{s}\}_{s\in\omega}$ . (3.2) $P$ , $\{U_{i,s} :i, s\in\omega\}$
.
stage $s=0$ $p(0)=0$ , $i$ $U_{i},0=\emptyset$ .
stage $s+1$ $x\in W_{i,ats}$ $x,$ $s$ . $W_{i}$ (3.2) ,
$y\not\in B_{s+1}\cup U_{i,s}\ \{e\}_{s+1}^{As+1}(y)\downarrow=0\ u(A_{s+1}; e, y, s+1)<x$
$y$ , $y$ $U_{i,s+1}$ . , $y\in W_{g(i),t}$ $t$
. , $W_{g(i)}$ 3.1 $\{U_{i,s} :i, s\in\omega\}$ . ,
$p(s+1)=(\mu v\geq t)[B_{v}(y)=\{e\}_{v}^{A_{t}}(y)]$
.
$p$ (3.2) . , $W_{i}$
, (3.2) . $B$ , $U_{i}= \bigcup_{s}U_{i,s}$
. $B$ promptly simple , $y\in W_{g(i),att}\cap B_{q(t)}$ $y$ .
,
$y\in U_{i,s}$ & $\{e\}_{s}^{A_{S}}(y)=B_{s}(y)=0$
$t$ $s$ . , $y\in B_{q(t)}-B_{S}$ , $A_{s}$ $u\neq A_{p(s)}ru$
. , $u=u(A_{s};e, y, s)$ . $y$ $x\in W_{i,ats}$
$u$ $x$ , $W_{i}$ (32) .
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$(\Leftarrow)$ (3.2) $p$ , $B\equiv\tau A$ promptly simple $B$
.
$e$ .
$P_{e}$ : $W_{e}$ : $\Rightarrow(\exists x)(\exists s)[x\in W_{e,ats}\cap B_{s}]$
$B$ promptly simple .
stage $s=0$
stage $s+1$
step 1 $x\in W_{e,ats}$ $x,$ $e$ . $x>b_{e}^{s}$ , P-\vdash -P ,
$A_{s}rX^{-}\neq A_{p(s)}rx$ , $x$ $B$ .
step 2 $x\in A_{s+1}-A_{s}$ $b_{x}^{s}$ $B$ .
$B$ promptly simple $B\equiv\tau^{A}$ .
$x\in B_{s}-B_{s-1}$ $A_{s}[x\neq A_{s-1}\square x$ $B\leq\tau^{A}$ . , $b_{x}= \lim_{s}b_{x}^{s}$
$B_{s}r(b_{x}+1)=Br(b_{x}+1)$ $x\in A$ $x\in A_{s}$ $A\leq\tau B$
$B\equiv\tau^{A}$ . , $W_{e}$ $B$ $P_{e}$ .
$B$ promptly simple .
tree high degree minimal pair degree promptly simple
degree .
3.4 $b$ r.e. degree , $b$ promptly simple degree \searrow high degree
a minimal pair .
r.e. $B\in b$ $B$ $\{B_{s}\}_{s\in\omega}$ .
tree .
$T=\{\alpha:\alpha\in\omega^{<\omega} \ (\forall i)[\alpha(2i+1)\in\{0,1\}]\}$
. $A$ $B$ minimal pair
. ( $|\alpha|=2e$ . )
$l( \alpha, s)de=^{f}\max${ $x$ : $(\forall y<x)[\{e\}_{s}^{A_{s}}(y)1=\{e\}_{s}^{B_{s}}(y)$ & $\{e\}_{s}^{A_{s}}(y)$ \alpha -correct . $]$ }.
$m( \alpha, s)de=^{f}\max$ { $l(\alpha,$ $s)$ : $t\leq s$ & $t$ $\alpha$-stage . }
$\{e\}^{A_{s}}(y)$ \alpha -correct ,
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$(\forall i<e)[\alpha(2i+1)=0\Rightarrow(\forall z)[\alpha(2i)<z\leq u(A_{s)}\cdot e, y, s) \ z\in\omega^{[l]}\Rightarrow[z\in A_{s}^{[1]}]]]$
. $t$ $\alpha$-stage , $\alpha\subseteq\delta_{s}$ . $\delta_{s}$
. stage $s$ e-expansionary , $s=0$ $s$ $\alpha$-stage $l(\alpha, s)>m(\alpha, s)$
$|\alpha|=2e$ .




$C$ $e$ $C^{[e]}=^{*}A^{[e]}$ $A$ high . ,
$\lim_{x}(A(\langle x, e\rangle))=0\Rightarrow C^{[e]}$ : $\Rightarrow e\in\emptyset^{n}$
$\lim_{x}(A(\{x, e\rangle))=1\Rightarrow C^{[e]}=\omega^{[e]}\Rightarrow e\not\in\emptyset^{u}$
$\phi’’\leq\tau^{A’}$ $A\leq\tau\emptyset$’ $A$ high . ,
.
$P_{e}$ . $A=C^{[e]}$
$N_{e}$ : $\{e\}^{A}=\{e\}^{B}=f$ : $\Rightarrow f$ :
$B$ promptly simple degree $P\alpha$ .
( $|\alpha|=2e$ . )
$R_{\alpha,i}$ : $W_{i}$ : $\Rightarrow(\exists x)(\exists s)[x\in W_{i,ats}$ & $B_{s}[x\neq B_{p_{\alpha}(s)}rx]$
$|\alpha|=2e$ $N_{e}$ $R_{\alpha,i}$ .
$R_{\alpha}$ : $N_{e}$ or $(\forall i)R_{\alpha,i}$
$(A, p_{\alpha}, f_{\alpha.i})$
stage.$s=0$ $A_{0}=\emptyset$ , $\alpha,$ $i$ $r(\alpha, i, 0)=0$ .
stage $s+1$ $e\leq s$ step . $\alpha=\delta_{s}r(2e)$ .
step 1 $k=\delta_{s}(2e-2)$ . ( $s$ \delta ,(-2) $=0$ . )
$|\beta|=2e$ $\beta>\alpha$ $i$ $\beta^{i}$-gap , $r(\beta, i, s+1)=0$
.
step 2 $s$ e-expansionary step 3 . stage $v<s$ $|\beta|=2e$
$\beta^{i}$-gap , gap , gap $p_{\beta}(t)=s$
( $t\leq v,$ $t\not\in dom(p_{\beta})$ ) , $r(\beta, i, s+1)=s+1$ .
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step 3 $s’= \max\{t<s$ : $r(\alpha, t)=k$ . $s’=0$ .
$i$ .
(1) $R_{\alpha,i}$ .
(2) $(\exists x)(\exists y)[x\in W_{i,s}-W_{i,s’}$ & $y\in dom(\{e\}_{s}^{B})-dom(f_{\alpha,i,s})$
& $l(\alpha, s)>y$ & $\tilde{u}_{y}<x$ ]
$\tilde{u}_{y}=\tilde{u}(B_{s};e, y, s)=nax\{u(B_{s};e, y^{/}, s) :y’\leq y\}$ . $i$ $y$
$f_{\alpha,i}=\{e\}_{s}^{B_{s}}(y)$ \alpha i-gap , $i$ $j$ $r(\alpha, j, s+1)=0$
.
step 4 step 3 $r(\beta, i, s+1)$ $r(\beta, i, s)$ . ,
$\delta_{s}(2e)=\tilde{r}(e, s+1)^{de}=^{f}\max\{r(\beta, i, s+1) : \beta\leq\alpha \ | \beta|\leq 2e \ i \leq s\}$




step 5 $y$ $A$ .
$C_{s}^{[e]}-A_{s}^{[e]}\neq\emptyset$
$(\exists y)[y\in C_{s}^{[e]}-A_{s}^{[e]} \ y>\tilde{r}(e, s+1)]$
, $A= \bigcup_{s}A_{s}$ .
(1) $( \forall n)[frn=\lim\inf_{s}\delta_{s}\lceil n]$





(1),(2) $,(3)$ . $e\geq 0$ $\alpha=fr(2e)$ . $n=2e$
(1) , $e$ $e’$ (2),(3) . $B$ promptly
simple degree , $R_{\alpha,i}$ ( $ai$ , $i$ .
$k= \lim\inf_{s}\tilde{r}(e-1, s)$ .
$\alpha^{i}$-gap stage $s$ ,
$\tilde{r}(e, s)=\max(\{k\}\cup\{r(\beta, i’, s) : |\beta|=2e \ \beta<\alpha \ i’, i \}$
. $\alpha^{i}$-gap , $\lim\inf_{s}\tilde{r}(e, s)<\infty$ . , $n=2e+1$
(1) $e$ \iota L\check (2) .
$\gamma=fr(2e+1)$ . $C^{[e]}$ $s$ $\delta_{s}(2e+1)=1$ .
$|C^{[e]}|=\infty$
$\gamma$-stage , $\delta_{s}\supseteq\gamma^{\wedge}\langle 0$} $s$ .
$n=2e+2$ (1) $e$ t\llcorner \check (3) .
2 $e$ $P_{e}$ .
1 $r= \lim\inf_{s}\tilde{r}(e, s)<\infty$ , $r$ $C^{[e]}$ $A^{[e]}$
. $C^{[e]}=\omega^{[e]}$ $A^{[e]}=^{*}\omega^{[e]}$ . $C^{[e]}\supseteq A^{[e]}$ $C^{[e]}$
$A^{[e]}$ .
3 $e$ $N_{e}$ .
$e$ , $e$ $e’$ . 1 $f(2e-2)=$
$\lim\inf_{s}\tilde{r}(e-1, s)<\infty$ , $k=f(2e-2)$ . , $\{e\}^{A}=\{e\}^{B}$
, $\alpha=f\square 2e$ . $B$ promptly simple degree , $W_{i}$
$R_{\alpha,i}$ $i$ . $R_{\alpha,i}$-gap , $P\alpha’ f_{\alpha,i}$
, .
$\{e\}^{B}\equiv\tau f_{\alpha,i}$ , $s_{0}$ $s$ $s_{0}$ .
(I) $|\beta|=2e$ $\beta<\alpha$ \searrow $i^{/}<i$ , $R_{\beta,i^{-}}gap$ .
(II) $\alpha(2j)=1$ $e$ $j$ , $W_{j}=W_{j,s_{0}}$ .









. , $s\leq v\leq t$ $v$ (1) . $t$ e-expansionary
$\{e\}_{t}^{A}{}^{t}(y)=\{e\}_{t}^{B}{}^{t}(y)=z$ . $\{e\}_{t}^{A_{t}}$ \alpha -correct , $e$ $j$
$\omega\triangleright$ ] $u(A_{t};e, y, t)$ stage $t+1$ $A$ . $e$ $j$
, $\omega^{\text{ }}$ $\tilde{r}(e, t+1)$ $t+1$ $R_{\alpha,i}$-gap stage $s_{1}$
. , $t\leq v\leq s_{1}$ $v$ (2)
. , $s$ $v$ (1),(2) .
3.5 a minimal pair degree , pair high degree
.
K. Ambos-Spies et al. [1984] r.e. degree promptly simple degree
minimal pair 3.4 .
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